We propose categories of 1-dimensional and multi-dimensional quantum walks. In the categories, an object is a quantum walk, and a morphism is an intertwining operator between two quantum walks. The new framework enables us to discuss quantum walks in a unified way. The purposes of this paper are the following:
Introduction
To see the motivation of this paper, let us consider the following concrete 1-dimensional quantum walk acting on ℓ 2 (Z) ⊗ C 2 :
In the above, let S : ℓ 2 (Z) → ℓ 2 (Z) be the bilateral shift, a, b be real numbers satisfying a 2 +b 2 = 1. The above operator is unitary, and the dynamical system (U t ) t∈Z forms a quantum walk. Although our new project leads to several kinds of theorems, let us first focus on the following corollary proved in Example 9.2: The discrete-time quantum walk (U t ) t∈Z cannot be realized by a continuous-time quantum walk . In this paper, we propose a definition of quantum walks and define a new category consisting of quantum walks and intertwiners between them. This enables us to clearly understand such a result as above in an appropriate framework.
What do we need in order to understand the above result? First of all, we need to define quantum walks. Unfortunately, many researchers study quantum walks without definitions. The above result asks whether there exists a quantum walk satisfying some required condition, so it is unavoidable to clarify what are quantum walks.
We also propose categories of quantum walks. This new framework enables us to study relationship between quantum walks. Category is a modern tool for mathematics. It consists of objects and morphisms. An object is a point and a morphism is an arrow between two objects. Objects are not necessarily sets and morphisms are not necessarily maps. If every point has the identity morphism, and if there exists an associative composition rule on morphisms, then the whole system of objects and morphisms is said to form a category. See [EM45] for the general theory of categories. In our new category, a quantum walk is an object (a point), and an intertwiner between two quantum walks is a morphism (an arrow). An intertwiner W : H 1 → H 2 between two quantum walks (U 1 H 1 ), (U 2 H 2 ) is an operator satisfying W U 1 = U 2 W . See Section 3.
Using our new category, we study relationship between given two quantum walks (U 1 H 1 ), (U 2 H 2 ). If there exists an isometry W : H 1 → H 2 which is an intertwiner from U 1 to U 2 , and if some dynamical system can be described by U 1 , then the dynamical system is also realized by U 2 . We will give several concrete examples in Section 8.
This category is useful, when we study whether a given quantum walk (U H) can be realized by a continuous-time quantum walk (V (t) ) t∈R . The condition is equivalent to the condition that there exists (V (t) ) t∈R H satisfying V (1) = U. For every real number t, the operator V (t) satisfies
This means that V (t) is a morphism from the object (U H) to (U H). Thus, realizability by a continuous-time quantum walk is equivalent to existence of a 1-parameter family of automorphisms at the object (U H). Once we capture the whole structure of the category, we can determine whether the condition holds or not.
Contents of this paper. New results:
• We define four kinds of regularity for quantum walks: having finite propagation, analyticity, smoothness, uniformity. In preceding research, almost all the quantum walks have finite propagation. We prove in Theorem 2.12 that the condition for having finite propagation implies analyticity. We also have implications "analyticity ⇒ smoothness", "smoothness ⇒ uniformity". • For every multi-dimensional discrete-time smooth quantum walk, and for every initial unit vector, the support of the distribution of velocity is asymptotically compact. See Theorem 4.2 for the statement. In the proceeding papers, researchers mainly study the case that the initial unit vector is finitely supported. • In Theorem 4.3, we prove that if two smooth quantum walks have a good intertwiner, and one of them has a limit distribution of velocity, then the other walk also has. • In Theorem 6.5, we prove that every space-homogeneous time-periodic discrete-time analytic quantum walk has a weak limit distribution of velocity for every initial unit vector. Reinterpretations of known arguments:
• Many researchers have already utilized Fourier analysis for the study of quantum walks. We clarify in this paper that the inverse Fourier transform of a walk is also an object. See Section 6. • The paper [SS18] has already explained that model quantum walks play an important role in the study of 1-dimensional homogeneous quantum walks. In our new framework, we can make it easy to manipulate the model quantum walks. See Section 7 and Section 8. • For a given discrete-time quantum walk U, existence of a continuous quantum walk (V (t) ) t∈R satisfying that V (1) = U is equivalent to existence of 1-parameter auto morphisms (V (t) ) t∈R on the object U. We explain how one can determine this type of realizability for 1-dimensional discrete-time homogeneous analytic quantum walks U. See Section 9.
2. The category of Hilbert spaces with coordinates 2.1. Objects. We consider Hilbert spaces which is associated to the Euclidean space R d . We can also define the same kind of notion for topological spaces other than R d . Consider the case that d-tuple (h 1 , · · · , h d ) of self-adjoint operators (or observables) on H is given. If these operators have a common core D ⊂ H, and if these operators are commutative on D, then the d-tuple is expressed by a spectral measure E. The pair (H, E) is a Hilbert space with a d-dimensional coordinate system. We can also describe (H, E) as (H, h 1 , · · · , h d ).
Given a Hilbert space (H, E) with a d-dimensional coordinate system and a vector ξ, we obtain a measure µ ξ (Ω) = E(Ω)ξ, ξ on R d . The volume µ ξ (R d ) of R d is equal to ξ 2 . If ξ is a unit vector, then µ ξ is a probability measure. The system (H, E) associates a unit vector ξ to a probability measure µ ξ . We sometimes call supp(µ ξ ) the support of ξ. If the self-adjoint operators (h 1 , · · · , h d ) correspond to observables of position, then the measure µ ξ is the distribution of position of particles whose states are expressed by ξ.
Example 2.2. To the Hilbert space ℓ 2 (Z d ) ⊗ C n , we implicitly associate the following form of spectral measure E on R d :
In this paper, we call E the standard coordinate system of ℓ 2 (Z d ) ⊗ C n . For a vector ξ = x∈Z d δ x ⊗ ξ x , the measure µ ξ is equal to the following:
In the study of quantum walks, many researchers have been using this kind of Hilbert spaces. We can widen the framework of quantum walks by Definition 2.1.
Example 2.3. Let us denote by T 2π the torus R/2πZ. For every open interval in T 2π , we have a coordinate k arising from R. Let us consider the Hilbert space L 2 (T 2π ). The differential operator 1 i d dk is an unbounded self-adjoint operator on L 2 (T 2π ). The support of the spectral decomposition of 1 i d dk is Z. The spectral measure defines a 1-dimensional coordinate system of L 2 (T 2π ). Recycling notations, we simply denote by L 2 (T 2π ), 1 i d dk this Hilbert space with the 1-dimensional coordinate system.
Example 2.4. Let (H 1 , E 1 ) and (H 2 , E 2 ) be Hilbert spaces with d-dimensional coordinate systems. We define the spectral measure
is also a Hilbert space with a d-dimensional coordinate system.
In the next definition, we define four kinds of regularity for vectors in H. We make use of the following unitary representation of
In the above equation, i stands for the imaginary unit, and x · k stands for the standard inner product of R d . In the case that x stands for position, k stands for a wavenumber.
Definition 2.5. Let (H, E) be a Hilbert space with a d-dimensional coordinate system. Let ξ be a vector in H.
(1) It is said that the support of ξ is compact, if there exists a compact subset
To discuss differentiability of a map from R d or a domain of C d , for the target space, we have only to require linearity and a compete metric on it. Since H is a Banach space, the above definition makes sense.
and only if ξ is in the domain of D j . For every ξ in H, we calculate the norm of the average of the change as follows:
As h tends to 0, by Beppo Levi's monotone convergence theorem for Lebesgue integral, the right hand side converges to
It follows that ξ is in the domain of D j . Conversely suppose that ξ is in the domain of D j . In this case, x 2 j is integrable with respect to the probability measure Ω → E(Ω)ξ 2 . The average of the change satisfies the following:
The integrand is dominated by the integrable function 2x 2 j and converges to 0 as h tends to 0. By Lebesgue's dominated convergence theorem, as h tends to 0, the average of the change converges to iD j ξ. In the next definition, we are going to define four kinds of regularity on morphisms.
. We define four kinds of regularity as follows:
(1) The operator W is called a morphism with finite propagation, if the following condition holds: there exists a constant R = R W such that for every Borel subset
(2) The operator W is called an analytic morphism, if the following condition holds: there exists a holomorphic map from a domain in
is continuous with respect to the operator norm.
Since B(H 2 ← H 1 ) is a Banach space, the above definition makes sense. It is not hard to show the following claims:
• If W ∈ B(H 2 ← H 1 ) has finite propagation, and if the support of ξ ∈ H 1 is compact, then the support of W ξ ∈ H 2 is also compact. • A composition of two morphisms with finite propagation has finite propagation.
• If W ∈ B(H 2 ← H 1 ) is analytic (smooth, or uniform), and if ξ ∈ H 1 is analytic (smooth, or uniform, respectively), then the support of W ξ ∈ H 2 is also analytic (smooth, or uniform, respectively). • A composition of two analytic (smooth, or uniform) morphisms is analytic (smooth, or uniform, respectively).
Example 2.9. Denote by F : L 2 (T 2π ) → ℓ 2 (Z) the Fourier transform. The Hilbert space L 2 (T 2π ) has the 1-dimensional coordinate system by the eigenvalue decomposition of the self-adjoint operator 1 i d dk . The Hilbert space ℓ 2 (Z) has the standard 1-dimensional coordinate system. Suppose that a vector ξ ∈ L 2 (T 2π ) is located at x ∈ Z, or equivalently, suppose that ξ(k) is a scalar multiple of exp(ikx). Then the support of F ξ ∈ ℓ 2 (Z) is {x}. This means that the operator F does not change the support of vectors. It follows that F has finite propagation. Theorem 2.12. Let W be a morphism from (H 1 , E 1 ) to (H 2 , E 2 ).
(1) If the morphism W has finite propagation, then W is analytic.
(2) If the morphism W is analytic, then W is smooth.
(3) If the morphism W is smooth, then W is uniform.
Proof. The second and the third items are trivial. We prove the first one.
For every morphism W with finite propagation, we have
Since W has finite propagation, there exists a finite subset F of Z d such that for every y ∈ Z d \F ,
Define W (y) by x∈Z d E 2 (C x+y )W E 1 (C x ). It suffices to show that for every fixed y ∈ F , the map k → v 2 (k) · W (y) · v 1 (−k) can be extended to a holomorphic map defined on C d .
For every
Denote by W (y+x,x) k the right hand side. Note that for every x, y ∈ Z d , the three mappings
is a holomorphic map defined on C d . Also note that for every y ∈ F , there exists a positive function ρ(k),
For every k ∈ C d , the operators {W (y+x,x) k } x∈Z d have mutually orthogonal images, and the orthogonal complements of the kernels of them are also mutually perpendicular. This means that the
can be extended to a holomorphic mapping defined on k ∈ C d .
In the study of quantum walks, researchers mainly pay attention on unitary operators with finite propagation, and call them quantum walks. For the rest of this paper, we study quantum walks using knowledge of functional analysis. Instead of the condition for having finite propagation, we make use of three other conditions as functional analytic necessary conditions.
dimensional coordinate system and ρ is a unitary representation of Z d on H and if the following condition holds: for every Borel subset
A ⊂ R d and for every x ∈ Z d , ρ(x)E(A)ρ(−x) = E(A − x).
The categories of quantum walks
3.1. Objects.
To emphasize that U is not a representation of R but of Z, we call it a discrete-time quantum walk.
is a Hilbert space with a d-dimensional coordinate system and (U (t) ) t∈R is a unitary representation of R on H which is continuous with respect to the strong operator topology.
We can also define quantum walks on Hilbert spaces which is associated to topological spaces other than R d . We also define four kinds of regularity for d-dimensional quantum walks. (1) The quantum walk is said to have finite propagation, if for every t, the unitary operator U (t) has finite propagation as a morphism from (H, E) to (H, E).
(2) The quantum walk is said to be analytic (smooth, or uniform), if for every t, the unitary operator U (t) is analytic (smooth, or uniform, respectively) as a morphism from (H, E) to (H, E).
For a continuous-time quantum walk, we may define some notion of regularity using the generator of the representation (U (t) ) t∈R . It seems that such kind of regularity is stronger than above.
Example 3.4. Let E be the standard coordinate system of ℓ 2 (Z) ⊗ C 2 defined in Example 2.2. Define a unitary operator U by
In the above, S : ℓ 2 (Z) → ℓ 2 (Z) be the bilateral shift, a, b are real numbers satisfying a 2 +b 2 = 1.
The dynamical system (U t ) t∈Z forms a 1-dimensional discrete-time quantum walk acting on the Hilbert space ℓ 2 (Z)⊗C 2 with the standard coordinate system. This walk has finite propagation.
Example 3.5. The 1-parameter family of unitary operators (exp(it(S + S −1 ))) t∈R gives a 1dimensional continuous-time quantum walk acting on the Hilbert space ℓ 2 (Z). This quantum walk is analytic, although it does not have finite propagation.
Example 3.6. The unitary operator aS −bS b a is a 1-dimensional discrete-time quantum walk acting on the Hilbert space ℓ 2 (Z) ⊗ C 2 with finite propagation.
Example 3.7. The unitary operator 1 2
1-dimensional discrete-time quantum walk acting on the Hilbert space ℓ 2 (Z) ⊗ C 4 with finite propagation. We will call it the 1-dimensional 4-state Grover walk.
x ∈ Z be a two-sided infinite sequence of complex unitary matrices. Define a unitary operator U on ℓ 2 (Z) ⊗ C 2 as follows:
Then (U t ) t∈Z gives a 1-dimensional discrete-time quantum walk with finite propagation.
defines a discrete-time 2-dimensional quantum walks with finite propagation acting on ℓ 2 (Z 2 ) ⊗ C 4 .
Example 3.11. The unitary operator U = 1 2
is also a d-dimensional quantum walk. The four kinds of regularity are preserved under this manipulation.
Every quantum walk (H, (U (t) ) t∈Z , E) forms an object in our new category.
3.2. Morphisms in the category.
. It follows that d-dimensional discrete-time quantum walks and morphisms between them form a category.
It is straightforward to show the following lemma.
. In the above definition, morphisms have no relation with the coordinates E j of the Hilbert spaces H j . For the rest of this paper, we focus on morphisms satisfying regularity conditions defined in the following definition.
Definition 3.15. Let T be an intertwiner (or a morphism) from (H 1 ,
The intertwining operator T is said to have finite propagation, if T has finite propagation as a morphism from (H 1 , E 1 ) to (H 2 , E 2 ).
(2) The intertwining operator T is said to be analytic (smooth, or uniform), if T is analytic (smooth, or uniform, respectively) morphism from (H 1 , E 1 ) to (H 2 , E 2 ).
3.3. Our new categories. For every d ∈ N, we have the category C d,DTQW whose objects are d-dimensional discrete-time quantum walks and morphisms are intertwiners. We often erase objects and morphisms which do not satisfy regularity. We have defined the four families of objects and four kinds of morphisms Thus we obtain sixteen categories. We will mainly pay attention on the category consisting of analytic quantum walks and of smooth intertwiners. We can not find geometric meaning of quantum walks without regularity nor intertwiners without regularity 3.4. Similarity between two d-dimensional quantum walks.
2 ) t , E 2 ) be two discrete-time or continuous-time d-dimensional quantum walks. If there exists a smooth invertible intertwiner T : H 1 → H 2 between U 1 and U 2 (or equivalently, a smooth isomorphism between two objectis U 1 and U 2 ), then we say that these two quantum walks are similar.
It is not hard to see that similarity defines an equivalence relation. H. Ohno has already used the notion of unitary equivalence between two quantum walks on countable sets ([Ohn16, Definition 8]). The condition for unitary equivalence is stronger than similarity. If two quantum walks
2 ) t , E 2 ) are unitary equivalent, then there exists a unitary operator T :
It implies that T has finite propagation. If two quantum walks are unitary equivalent, then they are similar.
Asymptotic behavior of d-dimensional smooth quantum walks
Let U = (H, (U t ) t∈Z , E) be a d-dimensional discrete-time smooth quantum walk. For a unit vector ξ, the coordinate system H on E defines the sequence of the Borel probability measures
The dynamical system by U defines the sequence of unit vectors {Uξ, U 2 ξ, · · · }. The coordinate system E defines the sequence of probability measures {µ U ξ , µ U 2 ξ , · · · }. In the case that E describes observables of position, each probability measure µ U t ξ describes the distribution of position of particles whose state is described by U t ξ.
Lemma 4.1. Suppose that ξ ∈ H is smooth with respect to E. Then for every t ∈ N, and every real-valued polynomial function is integrable with respect to µ U t ξ .
Proof. Let p be an arbitrary real-valued monomial function. Since U t ξ is smooth, by Lemma 2.6, U t ξ is in the domain of R d p(x)dE(x). We have
It follows that p 2 is integrable with respect to µ U t ξ . For every polynomial function, its absolute value is dominated by a sum of functions of the form p 2 .
It has been already known that for a many quantum walks, the mean of x with respect to µ U t ξ increases linearly (see e.g. [Kon05] ). We now consider the following sequence {ν U,t,ξ } t∈N of probability measures on R d :
This is the push-forward of the measure µ U t ξ along the mapping x → x/t on R d . In the case that E describes observables of position, the measure ν U,t,ξ is something like the distribution of velocity. The sequence {ν U,t,ξ } t∈N asymptotically has a compact support. Proof. It suffices to show that for every j ∈ {1, · · · , d}, there exists a constant L j independent of ξ such that lim
We define a spectral measure E j on R by
It suffices to show the theorem for the 1-dimensional quantum walk (H, (U t ) t∈Z , E j ). It is easy to show that this quantum walk is also smooth. In [Sak19b, Proposition 2.28], the above theorem is proved for 1-dimensional smooth quantum walks and for smooth unit vectors. Let us prove it for an arbitrary unit vector ξ. For a large positive number a, define η = η(a) by E j ([−a, a])ξ/ E j ([−a, a])ξ . For every positive number ǫ, there exists a constant a = a(ξ, ǫ), such that η − ξ < ǫ.
On the closed subspace E j ([−a, a])H, the operator X m j = x∈R x m dE j (x) is equal to X m j = a −a x m dE j (x) and therefore bounded. In particular, η is in the domain of X m j for every m ∈ N. By Lemma 2.6, η is a smooth unit vector. By [Sak19b, Proposition 2.28], there exists a constant L j determined by (H,
Since ǫ is arbitrary, and L j is independent of ǫ, we conclude that
Proof. Let ξ be a unit vector in H 1 . We compare two sequences of probability measures
Since V is uniform with respect to E 1 and E 2 , as t tends to ∞, the operator v 2 (k/t)V v 1 (k/t) −1 converges to V . It follows that for every k ∈ R d ,
If {ν U 1 ,t,ξ } t∈N weakly converges, then for every k, the sequence
converges. Since the sequence {ν U 2 ,t,V ξ } t∈N asymptotically has a compact support (Theorem 4.2), the sequence weakly converges.
The category of homogeneous quantum walks
A d-dimensional quantum walk is said to be homogeneous or space-homogeneous, if it is compatible with the space structure of R d . Let us formulate homogeneous quantum walks, adding a structure of the regular representation to the triplet.
Definition 5.1. Let t be an element of the group of time Z or R. The quadruple U = (H, (U (t) ) t , E, (ρ(x)) x∈Z d ) is called a d-dimensional homogeneous quantum walk, if it satisfies the following conditions:
( (4) For every t, and for every
The dimension of the image of the orthogonal projection E([0, 1) d ) is finite. The dimension at the last item is called the degree of freedom of U. Define the four kinds of regularity (having finite propagation, analyticity, smoothness, uniformity) of U by those of the triple (H, (U (t) ) t , E). In the case that (U (t) ) t is a representation of Z, we call the quadruple a discrete-time homogeneous quantum walk or simply a homogeneous quantum walk. In the case that (U (t) ) t is a strongly continuous representation of R, we call the quadruple a continuous-time homogeneous quantum walk. We can also define morphisms for homogeneous walks, although they are not the subject of this paper.
homogeneous quantum walks. Let T : H 1 → H 2 be a bounded linear operator. The operator T is said to be a homogeneous intertwiner or a homogeneous morphism in the category of d-dimensional homogeneous quantum walks, if
• for every t, T U
Define the four kinds of regularity of T , using E 1 and E 2 as in Definition 2.8. Now we have two categories. One is the category of general d-dimensional walks, the other is that of d-dimensional homogeneous walks. We can easily define a forgetful functor from the category of homogeneous walks to that of general walks, forgetting the right regular representations. The homogeneous morphisms map to morphisms in the category of general walks. The converse does not hold true in general. We will pay attention on general morphisms between two homogeneous walks.
In Section 8, we study 1-dimensional homogeneous analytic quantum walks, and clarify the way to determine the set of uniform morphisms which are not necessarily homogeneous.
General theory of homogeneous quantum walks
Theorem 6.1 (Subsection 2.6 in [Sak19a] ). Suppose that U is a d-dimensional discrete-time homogeneous quantum walk whose degree of freedom is n. Then U is similar to a homogeneous walk if this form
where E is the standard coordinate system of ℓ 2 (Z d ) ⊗ C n introduced in Example 2.2, and ρ is the right regular representation of Z d on ℓ 2 (Z d ). As an intertwiner which give similarity, we can choose a unitary which has finite propagation. Under this choice of unitary, the regularity of the concrete walk is the same as that of the original walk U.
We apply the inverse Fourier transform F −1 :
For every simply connected domain in T d 2π has a coordinate (k 1 , · · · , k d ) arising from R d . On the Hilbert space L 2 (T d 2π ) ⊗ C n , we have n-tuple 1 i ∂ ∂k 1 , · · · , 1 i ∂ ∂k d of mutually commuting self-adjoint operators. Denote by E the spectral measure of of the d-tuple. For every x = (x 1 , · · · , x d ) ∈ Z d , we define ρ(x) by the multiplication operator by the function f −x (k) = exp(−ix · k) on T d 2π Theorem 6.2 (Subsection 2.6 in [Sak19a] ). Suppose that U is a d-dimensional discrete-time homogeneous quantum walk whose degree of freedom is n. Then U is similar to a homogeneous walk if this form
where every entry of U is a multiplication operator of a function on L 2 (T d 2π ). As an intertwiner which give similarity, we can choose a unitary which has finite propagation. Under this choice of unitary, the regularity of U is rephrased as follows:
(
1) U has finite propagation, if and only if every entry of U is a multiplication operator of a function which is a finite linear combination of {f
−x (k) = exp(−ix · k)} x∈Z d . (2) U is analytic (smooth,
or uniform), if and only if every entry of U is a multiplication
operator of an analytic (a smooth, or a continuous, respectively) function on T d 2π . In our new category of homogeneous quantum walks, an inverse Fourier transform of a quantum walk is not merely an intermediate product of study. It is also an object of the category. The author thinks that this is merit of our new framework. Theorem 6.3 (Theorem 3.4 in [Sak19a] ). Every d-dimensional homogeneous discrete-time analytic quantum walk U has a weak limit distribution lim t→∞ ν U,t,ξ of velocity for every initial unit vector ξ. The support of the weak limit is compact. Remark 6.4. Limit distributions of homogeneous quantum walks has attracted much attention of researchers. A preceding paper insists the above theorem by the following argument: "For every homogeneous quantum walk, we can diagonalize its inverse Fourier transform. The eigenvalue functions are smooth. Therefore, the walk has limit distribution." Unfortunately, this argument is inappropriate.
The crucial problem is that some papers did not clarify what they call quantum walks, so the theorem was not clarified. Moreover, some preceding papers did not pay attention on the following types of examples: Therefore, a naive use of diagonalization is not appropriate for the proof.
We can generalize Theorem 6.3 for time-periodic homogeneous analytic quantum walks. Let V 1 , · · · , V p be analytic unitary operators on the Hilbert space (H, E) with a d-dimensional coordinate system and suppose that each unitary operator commutes with the right regular representation ρ(x) of Z d . For a natural number t, define V n by the following: if t ≡ j ( mod p), then V t = V j . For t ∈ N, define U (t) by U (0) = 1, U (t) = V t V t−1 · · · V 2 V 1 . Let us call the quadruple (H, (U (t) ) t∈N , E, ρ) a d-dimensional space-homogeneous time-periodic discrete-time analytic quantum walk. Theorem 6.5. Every d-dimensional space-homogeneous time-periodic discrete-time analytic quantum walk H, U (t) t∈N , E, ρ has a weak limit distribution of velocity for every initial unit vector. The support of the weak limit is compact.
Proof. For every t ∈ N, there exist unique q = q(t) ∈ Z ≥0 and r = r(t) ∈ {0, 1, · · · , d − 1} such that t = pq + r. Define W (r) by
We have U (t) = W (r) U (p) q . Note that the quadruple (H, (U (pq) ) p∈N , E, ρ) is a usual homogeneous quantum walk, and has a weak limit for every initial unit vector ξ (Theorem 6.3).
Choose and fix a unit vector ξ of H. The t-th distribution ν U,t,ξ of the velocity is defined by the following:
Let us denote by φ U,t,ξ (k) the characteristic function k → x∈R d exp(ix · k)dν U,t,ξ of the probability measure ν U,t,ξ .
For every wavenumber k ∈ R d , the value of the characteristic function φ U,t,ξ (k) of ν U,t,ξ is equal to the following:
Since r is an element of a finite subset, and W (r) is uniform, the commutator of W (r) and v E (k/t) = x∈R d exp (ix/t · k) dE(x) converges to 0 as t tends to ∞. Therefore, if t is large, then the above quantity is almost the same as the following
It follows that for every positive number ǫ, and k ∈ R d , there exists a natural number N 1 = N 1 (ǫ, k) such that for every t at least N 1 ,
Since the sequence of the probability measures {ν U,pq,ξ } q∈N asymptotically has compact support, the characteristic functions φ U,pq,ξ (k) = x∈R d exp(ix · k)dν U,pq,ξ q∈N of the sequence are equicontinuous. It follows that for every positive number ǫ, and k ∈ R d , there exists a natural number N 2 = N 2 (ǫ, k) such that for every q at least N 2 ,
Since the quantum walk (H, (U (pq) ) q∈N , E, ρ) is a usual homogeneous analytic quantum walk, it has a weak limit distribution. It follows that for every k ∈ R d , as q tends to ∞, the sequence {φ U,pq,ξ (k)} q∈N converges. Combining the above two inequalities, we obtain that for every k, the sequence {φ U,t,ξ (k)} t∈N converges.
Since the measures {ν U,t,ξ } t∈N asymptotically has compact support, the point-wise convergence of the characteristic functions implies that the sequence {ν U,t,ξ } t∈N weakly converges.
Structure of 1-dimensional homogeneous quantum walks
Our next project is to study 1-dimensional homogeneous analytic quantum walks U = (H, (U t ) t∈Z , E, (ρ(x)) x∈Z ). We finally get a way to determine how many uniform intertwiners two such quantum walks have. We would like to study not only homogeneous intertwiners but also non-homogeneous intertwiners. For this purpose, forgetting the fourth entry ρ, we study 1-dimensional homogeneous quantum walks in the cagegory of 1-dimensional quantum walks.
Suppose that U is a 1-dimensional quantum walk of the form
• the space T 2π is the quotient space R/2πZ and every open interval in T 2π has a coordinate k arising form R, • L 2 (T 2π ) ⊗ C n can be regarded as the set of all the column vectors consisting of n vectors in L 2 (T 2π ), • the operator U can be expressed as a (n × n)-matrix whose entries are multiplication operators on L 2 (T 2π ), • E is the spectral decomposition of the self-adjoint operator 1 i d dk ⊗ id. It has been already shown in Theorem 6.2 that every 1-dimensional homogeneous quantum walk U is similar to a walk of this form. In such a case, we call U an inverse Fourier transform of U.
For the rest of this paper, we focus on 1-dimensional analytic homogeneous quantum walks of the form U. Because each matrix entries of U gives an analytic function, for every k ∈ R we obtain a (n × n)-complex matrix U (k). Thus U ( · ) gives an analytic map from a domain containing R to the space M n (C) of the complex matrices. The positive number 2π is a period of the analytic map U ( · ).
Let us keep in mind that U is not an intermediate product of our study. The triple U = L 2 (T 2π ) ⊗ C n , U t t∈Z , E is an object in our new category. This strategy makes our study simple.
7.1. Eigenvalue functions of 1-dimensional homogeneous quantum walks. Denote by T the set of complex numbers whose absolute values are 1.
Definition 7.1. An analytic function λ : R → T is called an eigenvalue function of
(or an eigenvalue function of U), if for every k ∈ R, λ(k) is an eigenvalue of U (k).
Since the map U (k) has a period, and since for every k the set of eigenvalues of U(k) is a finite subset of T, λ has to have period. There exists d ∈ N such that 2πd is a period of λ. The author would like to emphasize that existence of an eigenvalue function is non-trivial fact, since there might exists k ∈ R such that U (k) has a multiple eigenvalue.
Theorem 7.4 (Proposition 4.8 in [SS18] ). For every 1-dimensional analytic homogeneous quantum walk of the form
there exists a finite family of eigenvalue functions λ 1 , · · · , λ m : R → C of U satisfying that for every k ∈ R the set of all the eigenvalues of U(k) is equal to
Example 7.5. Let U be the 3-state Grover walk. The inverse Fourier transform is given by
Define λ 1 , λ 2 : R → T by λ 1 (k) = −1, λ 2 = 2 + cos k 3 + 1 3 i sin k 2 √ 10 + 2 cos k.
The set of all the eigenvalues of U (k) is equal to {λ 1 (k), λ 2 (k), λ 2 (k + 2π)}.
7.2. Model quantum walks and the structure theorem. Every 1-dimensional homogeneous quantum walks is decomposed as a direct sum of model quantum walks. Let us define model quantum walks. Let λ : R → C is an analytic function and let p be a positive number and a period of λ. The function λ can be a constant function. Let T p be the torus R/pZ of length p. Note that every interval in T p has a coordinate k arising from R. Also note that the self-adjoint operator 1 Proof. We shall give a self-contained proof. The quantum walk U λ,np acts on L 2 (T np ), and the quantum walk U λ,p
. For y ∈ 2π p Z, define g x ∈ L 2 (T p ) by g y (l) = exp(iyl). For every x ∈ 2π np Z, there exists a unique pair (y(x), r(x)) ∈ 2π p Z, {0, 1, 2, · · · , n − 1} such that x = y(x) + 2π np r(x). Define a unitary operator V : L 2 (T np ) → L 2 (T p ) ⊗ ℓ 2 ({0, 1, · · · , n − 1}) by f x → (0, · · · , 0, g y(x) , 0, · · · , 0), where g y(x) is put on the r(x)-th entry. The function λ on T p is of the form y∈ 2π p Z c y g y . The function λ on T np is of the form y∈ 2π p Z c y f y . For every x ∈ 2π np Z, we have
It follows that V intertwines U λ,np and the direct sum U λ,p ⊕n . By definition, V has finite propagation.
Theorem 7.8 (Proposition 5.6 in [SS18] ). Let U be an arbitrary 1-dimensional homogeneous analytic quantum walk. Suppose that eigenvalue functions λ 1 , · · · , λ m : R → T of U and elements p(1), · · · , p(m) of 2πN satisfy the following conditions:
(1) For every j ∈ {1, · · · , m}, p(j) is one of the periods of λ j .
(2) For every k ∈ R, the list of real numbers • λ 1 (k), λ 1 (k + 2π), · · · , λ 1 (k + p(1) − 2π),
• λ 2 (k), λ 2 (k + 2π), · · · , λ 2 (k + p(2) − 2π),
• . . . ,
• λ m (k), λ m (k + 2π), · · · , λ m (k + p(m) − 2π). coincides with the list of eigenvalues of U (k) including multiplicity.
Then there exists an analytic unitary which intertwines U and the direct sum ⊕ m j=1 U λ j ,p(j) of the model quantum walks.
The most non-trivial part of the proof is a construction of analytic unitary intertwiner between U and the direct sum of model quantum walks ⊕ m j=1 U λ j ,p(j) . This is done when we find global analytic sections of unit eigenvectors of U (k). The precise argument is in Proposition 4.11 of [SS18] . The analytic unitary intertwiner does not necessarily have finite propagation.
In the case that p(j) is not the minimal period, we may decompose the model quantum walk U λ j ,p(j) to a direct sum of model quantum walks. Thus we obtain direct sum of constant quantum walks and model quantum walks with minimal periods.
Morphisms between 1-dimensional homogeneous quantum walks
To determine the set of the uniform intertwiners between given 1-dimensional homogeneous analytic quantum walks, we have only to determine the set of the uniform intertwiners between model quantum walks, by Theorem 7.8. Note that there exists no non-zero intertwiner between constant a quantum walk and a model quantum walk of non-constant analytic function, since the latter unitary operator has no eigenvector. By Lemma 7.7, we may focus on model quantum walks U λ,p defined by non-constant analytic functions λ and its minimal periods p, 8.1. The set of morphisms between two model QWs associated to minimal periods.
Theorem 8.1. Let j be 1 or 2. Let λ j : R → T be a non-constant analytic function. Let p(j) be the minimal period of λ j . The the following conditions are equivalent:
(1) There exists a real number l such that for every real number k, λ 2 (k) = λ 1 (k − l).
(2) There exists a unitary intertwiner from U λ 1 ,p(1) to U λ 2 ,p(2) with finite propagation.
(3) These walks U λ 1 ,p(1) , U λ 2 ,p(2) are similar.
(4) There exists a non-zero uniform intertwiner from U λ 1 ,p(1) to U λ 2 ,p(2) .
Proof. The implications (2) ⇒ Recall that uniformity is the weakest regularity for intertwiners. The author does not think that a non-uniform intertwiner is related to the theory of quantum walks.
Example 8.2. Let a 1 and a 2 be real numbers satisfying 0 < a j < 1, a 1 = a 2 . Define b j by 1 − a 2 j . Then there exists no non-zero uniform intertwiner between
Indeed, the eigenvalue functions of the former walk are λ 1,± (k) = a 1 cos k ± i 1 − a 2 1 cos 2 k, and the eigenvalue functions of the latter walk are λ 2,± (k) = a 2 cos k ± i 1 − a 2 2 cos 2 k. The positive number 2π is the minimal period of all of them. The walk U j is similar to the direct sum U λ j,+ ⊕ U λ j,+ . The function λ 1,+ is not a translate of λ 2,+ nor λ j,− , and λ 1,− is not a translate of λ 2,+ nor λ j,− . Now, we can apply the above theorem. There is no non-zero uniform intertwiner between U λ 1,+ ⊕ U λ 1,+ and U λ 2,+ ⊕ U λ 2,+ . Therefore, There is no non-zero uniform intertwiner between U 1 and U 2 .
We can determine the set of uniform intertwiners between two model quantum walks as follows.
Theorem 8.3 (Proposition 3.10 in [Sak19b] ). Let λ 1 , λ 2 : R → T be non-constant analytic functions. Let l be a real number. Suppose that λ 2 (k) = λ 1 (k − 1). Denote by p the minimal period of λ 1 and λ 2 . Denote by σ l : L 2 (T p ) → L 2 (T p ) the unitary operator given by the translation by l. Denote by C(T p ) the set of all the complex valued continuous functions on T p . Then the set of all the uniform intertwiners from U λ 1 ,p to U λ 2 ,p is equal to 8.2. How to determine the set of morphisms between two 1-dim homogeneous QWs. Following below, we can determine whether there exists a non-zero uniform intertwiner between two 1-dimensional homogeneous analytic quantum walks U 1 , U 2 :
(1) Calculate the inverse Fourier transforms U j (k), (2) Calculate the characteristic polynomials of U j (k), (3) Calculate the lists of eigenvalues of U j (k), (4) Express the lists by analytic functions.
Here we obtain the direct sum decomposition of U into model quantum walks ⊕ m j=1 U λ j ,p(j) . In the case that λ j is not a constant function, we further decompose the model quantum walk U λ j ,p(j) into the direct sum of the model quantum walk with minimal period.
(5) Compare two lists. If we can find an eigenvalue function λ 1 : R → T of U 1 and an eigenvalue function λ 2 : R → T of U 2 satisfying that λ 2 is a translate of λ 1 , then we get to know there exists a non-zero uniform intertwiner between them. Otherwise, there exists no non-zero uniform intertwiner between them.
By the above procedure, we can also determine whether there exists a non-zero smooth (or analytic) intertwiner.
Example 8.4. There exists an analytic isometric intertwiner from the quantum walk Proof. We may assume that the quantum walk is the model quantum walk U λ,p . By Theorem 8.3, the set of uniform intertwiners from U λ,p to U λ,p is equal to
The space does not contain a projection other than 0, 1. Suppose that there were a direct sum decomposition. Then there would exist a non-trivial uniform projection which commutes with U λ 1 ,p . Suppose that U is indecomposable. By Theorem 7.8, and by indecomposability of U, there exists an analytic unitary which intertwines U and a model quantum walk U λ,p . By Lemma 7.7 p is the minimal period of λ.
Example 8.9. Let a, b be real numbers satisfying 0 < a < 0, a 2 + b 2 = 1. The walk U 1 = aS −1 −bS −1 bS aS is decomposable. Indeed, the eigenvalue functions are a cos k ± i √ 1 − a 2 cos 2 k.
It follows that U 1 is similar to a direct sum of two model quantum walks.
The walk U = aS −bS b a is indecomposable. Indeed, the eigenvalue function is λ(k) = exp(ik/2) a cos(k/2) − i 1 − a 2 cos 2 (k/2)
The minimal period is 4π. The walk is similar to the model quantum walk U λ,4π
The following corollaries are factorization results on 1-dimensional homogeneous walks.
Corollary 8.10. Every 1-dimensional homogeneous analytic quantum walk U is similar to a direct sum of • constant quantum walks, • and indecomposable model quantum walks.
One of two items can be empty.
Corollary 8.11. Let U 1 , U 2 be 1-dimensional homogeneous analytic quantum walks. Suppose that there exists a non-zero uniform intertwiner from U 1 to U 2 . Then there exists a quantum walk U such that • U is a constant walk or an indecomposable quantum walk,
• there exists an analytic isometric intertwiner from U to U 1 ,
• and there exists an analytic isometric intertwiner from U to U 2 .
Taking direct sum of U in the corollary, we obtain "the greatest common deviser" of the two walks U 1 and U 2 .
Realizability and non-realizability by continuous-time quantum walks
Theorem 9.1. Let U = (H, (U t ) t∈Z , E, ρ) be an arbitrary 1-dimensional homogeneous analytic quantum walk. The following conditions are equivalent:
(1) For every eigenvalue function, the winding number is zero.
(2) There exists an analytic homogeneous continuous-time quantum walk (H, (V (t) ) t∈R , E, ρ) satisfying V (1) = U. If the condition (3) holds, since the equation V (t) U = UV (t) holds, the family (V (t) ) t∈R gives a 1-parameter group of uniform isomorphisms from the object U to U. Now we have already determined the set of uniform intertwiners from U to U. We are ready to prove the above theorem.
Proof. The implication (3) ⇒ (4) is trivial. Suppose (4). Defining V (t) by W V (t) W −1 we obtain (3). The conditions (1), (2), (3) are equivalent by Theorem 4.2 in [Sak19b] .
To get the idea of the proof for Theorem 4.2 in [Sak19b] , let us consider the spectial case that U is the indecomposable model quantum walk U λ,p = L 2 (T p ), (M[λ] t ) t∈Z , 1 i d dk . Recall that p is the minimal period of λ by Lemma 7.7. Suppose that the winding number of λ is 0. Then there exists an analytic function h : R → R with period p such that exp(ih) = λ. It follows that for every s, t ∈ R, we have f s f t = f s+t . Let us denote by w(f ) the winding number of a continuous function f : T p → R. We have w(f s ) + w(f t ) = w(f s f t ) = w(f s+t ). This means that the mapping R ∋ t → w(f t ) ∈ Z is a group homomorphism. A group homomorphism from R to Z should be the 0-map. It follows that w(λ) = w(f 1 ) = 0.
Example 9.2. Let a, b be real numbers satisfying 0 < a < 0, a 2 +b 2 = 1. The walk aS −1 −bS −1 bS −aS can be realized by a homogeneous analytic continuous-time quantum walk. Indeed, the winding numbers of the eigenvalue functions a cos k ± i √ 1 − a 2 cos 2 k are zero.
The walk aS −bS b a can not be realized by a uniform continuous-time quantum walk.
Indeed, the winding number of the eigenvalue function λ(k) = exp(ik/2) a cos(k/2) − i 1 − a 2 cos 2 (k/2) is 1.
Example 9.3. The 1-dimensional 3-state Grover walk can be realized by a homogeneous analytic continuous-time quantum walk. Indeed, the complete list of the eigenvalue functions is λ 1 (k) = −1, λ 2 = 2 + cos k 3 + 1 3 i sin k 2 √ 10 + 2 cos k.
The winding numbers are 0 The 1-dimensional 4-state Grover walk can not be realized by a uniform continuous-time quantum walk. Indeed, the function λ + (k) = cos k + cos 3k 2 + i sin k √ 1 + 4 cos 4 k is one of the eigenvalue functions. The winding number is 1.
10. concluding remark: how useful the category of quantum walks is.
The category preserves a language. By this language, we are able to say the following, for example.
(1) For a discrete-time quantum walk U, its realizability by a continuous-time quantum walk is equivalent to existence of 1-parameter group of isomorphisms from U to U.
(2) Given two walks U 1 , U 2 , we can ask whether the dynamical system described by U 1 can be executed by U 2 or not. This is equivalent to existence of an isometric morphism from the object U 1 to the object U 2 , (3) The inverse Fourier transform of a homogeneous walk is also an object. Many researchers have regarded it as an intermediate product.
